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ON THE RANK OF QUADRATIC TWISTS OF ELLIPTIC CURVERS 

OVER FUNCTION FIELDS 

E. KOWALSKI 


Abstract. We prove quantitative upper bounds for the number of quadratic twists of a given 
elliptic curve E/F q (C) over a function field over a finite field that have rank > 2, and for their 
average rank. The main tools are constructions and results of Katz and uniform versions of the 
Chebotarev density theorem for varieties over finite fields. Moreover, we conditionally derive a 
bound in some cases where the degree of the conductor is unbounded. 


Let first E /Q be an elliptic curve over Q, and for fundamental quadratic discriminants d, let 
Ed denote the curve E twisted by the associated Kronecker character x.d- Goldfeld conjectured 
that Ed is most of the time of minimal rank compatible with the root number of Ed, which in 
this case means 

D !Soo| { « J |M< D rf j £ rank ^ (Ci) = 5- 

\d\^D 

This conjecture has been refined by Conrey, Keating, Rubinstein and Snaith iCKRSI . using 
ideas based on Random Matrix Theory models and discretization properties of special values of 
L-functions. For instance, restricting the family to those d for which the sign of the functional 
equation of L(Ed, s) is +1, they predict that for some constants ce > 0 and G R, we have 

(1) \{d j \d\ ^ D, the root number of Ed is 1 and rankE^(Q) ^ 2}| ~ ceD 3 ^(log D) bE 

as D —> +oo, whereas the number of d being counted is of size D. 

Note in particular that this predicts that there are few curves with large rank, but gives also 
a lower bound for this number. 

From the analytic point of view, both conjectures are naturally seen as statements about the 
order of vanishing of L-functions at the central critical point, translated into the rank of Ed by 
assuming the Birch and Swinnerton-Dyer conjecture. This is indeed how they arise, and one 
may expect to make progress on the analytic side independently of the status of the Birch and 
Swinnerton-Dyer conjecture. 

The analogue of this problem for elliptic curves over function fields has been developped by 
Katz jKlI : given an elliptic curve E/F q (t) (or over another function field over a finite held), 
Katz shows how to construct various algebraic varieties X/F q which parameterize twists of E 
subject to certain conditions. After a deep monodromy computation, he obtains what can be 
considered as an analogue of Goldfeld’s original statement * 1 , up to the fact that the parameter 
which gets large is not the conductor of the twisted curve, but rather the degree of the coefficient 
held of the functions used to twist the curve (see also CO p. 134, 135] and Section 01). 

It is tempting to attack the more rehned conjecture of jGKIlSl next, but there appear analytic 
difficulties in the application of Deligne’s equidistribution theorem. 

We will show how to use a uniform version of Chebotarev’s density theorem (based on uniform 
estimates for Gadic Betti numbers proved in jKoj ) to obtain a stronger quantitative form of the 
analogue of Goldfeld’s conjecture, under some monodromy assumptions which follow from the 
results of Katz. This can be seen as a hrst progress towards the analogue of the upper bound 
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1 Stated for the analytic rank, but from Ulmer’s work on the Birch and Swinnerton-Dyer conjecture when the 
analytic rank is ^ 1, the case of algebraic rank follows, as explained in Section [3 
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in JTJ) in this context; see Corollary and Proposition El for precise statements (roughly, a 
small power of q is gained). 

It would be very interesting also to obtain a lower bound, but we do not consider this question; 
notice however that over Q, fairly strong lower bounds for the occurence of algebraic rank ^ 2 
are known by using results of sieve theory (see e.g. [mui i. This method should presumably 
extend to the function field case (the lower bound would probably be closer to the truth than 
our upper bounds are), and lower bounds for occurence of algebraic rank ^ 2 are also lower 
bounds for occurence of analytic rank ^ 2 in this case. 

In principle, we could obtain results in situations where the conductor is unbounded and the 
twists are restricted to special one-parameter families. However, in that case we need rather 
stronger monodromy results, and those do not seem available (on the other hand, they are 
certainly within the realm of reason), even in special cases. Still, we describe what could be 
true in the last section of this paper. 

We should also mention that the results of Katz are in fact much more general, and the 
method used here should adapt easily. We restrict our attention to the case of quadratic 
twists of elliptic curves partly for concreteness and partly in the hope of providing a reasonably 
readable introduction to those remarkable results for readers with an analytic number theory 
background. 

Notation. As usual, \X\ denotes the cardinality of a set. By / <§ for x E X, or / = 0(g) 
for x E X, where X is an arbitrary set on which / is defined, we mean synonymously that there 
exists a constant C ^ 0 such that |/(x)| ^ Cg(x ) for all x E X. The “implied constant” is any 
admissible value of C. It may depend on the set X which is always specified or clear in context. 

Acknowledgments. Work on this paper was prompted by discussions by J. Keating. I wish 
also to thank N. Katz for explaining a number of points concerning the behavior of monodromy 
for sheaves with orthogonal symmetry. 

1. A UNIFORM VERSION OF THE CHEBOTAREV DENSITY THEOREM 

In this section we prove a general uniform Chebotarev density theorem for varieties over 
finite fields. The main tools are the cohomological methods and results developped notably 
by Grothendieck and Deligne; a short and fairly concrete survey aimed at analytic number 
theorists, which should be sufficient to explain the terminology and the proofs below, can be 
found in IIKl 11.11], 

We consider the following data: U/F q is a smooth affine variety, absolutely irreducible and of 
dimension d ^ 1 over a finite field of characteristic p with q elements, £ ^ p is a prime number, 
and p : tti(U, rf) —> G is a surjective map from the arithmetic fundamental group of U (relative 
to the geometric generic point of U ) to a finite group G. We denote by 

G 9 = p(TTi(U,r])) C G 

the image of the geometric fundamental group of U, where U = U x F q . Recall there are exact 
sequences 

1 -» TTi(U,rj ) - > iri(U,rj) —-—» Z -» 1 

(2) jj*> 

i-♦ g» -♦ g —^ r-> i, 

where the quotient T thus defined is a finite cyclic group. 

For any u E U(F q ), we denote by Fr u the geometric Frobenius conjugacy class at u in 
ni(U,rj). In other words, corresponding to the inclusion {u} = Spec(F g ) —► U, we have an 
induced homomorphism 

MF q ) = GaI(F,/F,) —> 7n(t/,7?) 

and Fr u is the image, well-defined up to conjugation, of the inverse of the generator x i—> x q of 
Gal(F g /F 9 ). (If we consider u as defined over a bigger field, then Fr u changes, so Fr u is defined 
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relative to the field F q ; it is often denoted Fr U) F 9 for this reason, but we consider the base field 
as fixed in our statements). In the exact sequence above, we have 

d( Fr Uj(J n) = — n € Z. 

The uniform Chebotarev density theorem is the following: 


Theorem 1. With notation as above, let C C G be a conjugacy-invariant subset such that 
m(x) = </j(—1) for all x € C. Put 

7r(C-q) = \{u€U(F q ) | p(Fr u )eC}\. 

Assume that G 9 is of order prime to p. Then we have 

(3) vr(C ; (? ) = M| C / ( F 9 )|+0(^-V2| G |3/2 |c| l/2 )) 

the implied constant depending only on U = U x F q . In particular, this holds uniformly with q 
replaced by q n and U by U x F q n, n ^ 1. 

Proof. This is essentially the same as the statement in e.g. 0 Th. 4.1], except that we have to 
take care of the uniformity. Let / denote the characteristic function of C and let 

f(g 0 = X a ( 7r ) Tr7r (fi') 

7r 

be its Fourier expansion in terms of the irreducible representations n of G, which we realize as 
homomorphisms 

7T : G ^ GL(deg(n),E) 

for some finite extension E/Qg, which can be chosen independent of n. If n = if is a character 
of T, i.e., 7r is trivial on G 9 , we have Tr 7r(p(Fr u )) = ij;(ip(—l)) by the assumption on C, and 

X Tr vr(p(FV u )) = ^(¥>(-1)) X ]7T X ^(*) = T^T- 

ip ip ' ' xec ' ' 

Now applying the Fourier expansion to f(p( Fr u )) we find therefore 

n( c - iq ) = ^-\ u (F q )\+ X Trvr(MFr u )). 

1 1 jr|G9^1 ueU( F q ) 

The inner sum is the sum of local traces for the representation 


irop : 7 Ti(C/, 77 ) -> GL(deg( 7 r),£’), 

which can be seen as a lisse Q^-adic sheaf, denoted n(p). Since the image of p, hence of 7 r (p), 
is finite, this sheaf is pointwise pure of weight 0. By the Grothendieck-Lefschetz trace formula 
we have 


2 d 


2d 

c 


X Tr 7 r(p(Fr u )) = ^(-iyTr(Fr | W c (U,n(p))), 

ueU(F q ) i =0 

where U = U x F q . 

In terms of the geometric fundamental group ni(U,rj), the coinvariant description of H ( 
gives 

H 2 c d (U,n(p)) = = EgF’H-d) = 0 . 

since ir, being non-trivial when restricted to G 9 , can not contain the trivial representation, 
simply because the space of invariants under G 9 is a subrepresentation of G, which is irreducible. 

Moreover, by Deligne’s Theorem, the eigenvalues of the geometric Frobenius Fr acting on 
each H l c {U, tt(p)) are algebraic integers with absolute value in C of modulus ^ q l//2 . Thus we 
find 


X TMKFi'u)) 

ueu(F q ) 


^ q d ~ 1 / 2 a' c (U,Tr(p)), 
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where 


v'c(U,Tr(p)) = Y dim H l c (XJ ,n{p)). 

i<2d 

It only remains to bound the quantity 

Y l a ( 7r )K( l7 >’ r (p)) 

7r\G9^1 

uniformly in terms of ir and p. By Proposition 3.6 of Eel, using the assumption that \G 3 \ is 
prime to p, there exists a constant C ^ 0, depending only on U, such that 

°'c( u i ™(p)) < C'|G|(deg7r) 

for all 7 r. Hence 

Y o'JVMp)) < C \ G \Y |a(7r)|deg7r 

and by Cauchy’s inequality and the standard properties of representations of finite groups we 
get 

^degvr SC (Y l a ( 7r )| 1> ) 7 (^( deg7r ^) 7 = VW\\fiG\. 

7T 7T 7T 

Putting these inequalities together yields the stated result. □ 

Remark 2. Since 

\U(F g )\=q d + 0(q d - 1 / 2 ) 

by the Lang-Weil estimate, the implied constant depending only on U, we can also rephrase the 
result as 

tt( C-q) = M^ + 0(^- 1 / 2 |G'|3/2|C' | i/ 2 ) . 

Here is a variant of this theorem when the variety U is a smooth affine curve and the map p 
arises by reduction from a torsion-free Z^-adic sheaf, using Proposition 3.1 of m (or indeed, 
since we assume tameness, the last part of Theorem 4.1 in [H]) instead of Proposition 3.6. In 
this case, the dependence on U can be made explicit (and the error term is improved) which 
allows certain interesting applications (see the last section). 

Theorem 3. Let U/F q be a smooth geometrically irreducible affine curve, realized as an open 
dense subset of a smooth projective curve C/F q of genus g, with m = \{C — H)(F g )( “points at 
infinity”. Let i ^ p be a prime number, let J- be a tame torsion free lisse Z^-adic sheaf of rank 
N, and let T = T/OF be its reduction modulo £. Denote 

p t : iri(U,rj) —> GL(N, F^) 

the corresponding continuous representation and put 

Ge = pt(Tri(U,rj)), G 9 e = pe(Tri(U,rj)), 

let r £ be the quotient and m, p as in © in this case. 

Then for any conjugacy invariant subset C(£) C Gg such that m(C(£)) = p(—l), 

”(C(l);q)= l ^MF q )\ + 0((m + g) q 1 / 2 |G,| 1/2| C'| 1/2) , 

where the implied constant is absolute. 

Proof. As above we find by Fourier expansion that 

;?) = |fl^F,)l+o( 9 1 / 2 6 ) 

where 

© = Y l“( 7r )l a 'c( u ^{pt)) 
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and the implied constant is absolute (in fact, can be taken to be equal to 1). 

By Proposition 3.1 of |Ko| (see eq. (3.1) and note that the term w there vanishes by the 
tameness assumption), we have 

^c( u ^(Pi)) (1 - Xc(tAQ<0)(deg7r) 

where 

Xc(U, Q e ) = dim H^UMe) - dim H l c (U, Q e ) + dimtf 2 (t7, Q*) 
is the Euler-Poincare characteristic of U. This is equal to 2 — 2 g — m (because it is “additive”, 
so equal to XciC) — Xc{C — U) = 2 — 2g — m), hence 

a'c(U,n(p e )) < (2 .g + m- l)(degvr). 

Summing over n yields the estimate 

6 ^ (m + 2g - 1)^ |a(7r)| deg vr ^ (m + 2g - l)y/\Ge\\C\, 

7T 

hence the result claimed. □ 

Remark 4. There are other uniform versions of the Chebotarev density theorem for curves, for 
instance |FJl Pr. 5.16], which is written and proved in a style closer to the standard number 
field case. 

2. Application to sheaves with orthogonal monodromy 

We will now apply the uniform Chebotarev density theorem to reductions of a lisse £-adic 
sheaf with “orthogonal” symmetry. The method turns out to be essentially identical with that 
used by Serre in his applications of the Chebotarev density theorem over number fields (see EH)- 
As in the previous section we start with a smooth affine absolutely irreducible variety of 
dimension d ^ 1 defined over a finite field F,j of characteristic p. Let IV ^ 1 be an integer and 
f/ pa prime number such that GL(N, F^) has order prime to p. This also implies that for all 
v ^ 1, the group GL(N , Z/^Z) has order prime to p. 

Consider now a lisse integral torsion free Aadic sheaf Tt of rank N on U ; equivalently, consider 
a continuous representation 

n : iri(U,ri) ^ GL(N,Z e ). 

We assume that Ti is equipped with a non-degenerate symmetric pairing 

(-, •) : * Z e , 

equivalently, T£ acts on Zf by transformations leaving invariant a non-degenerate symmetric 
pairing. We denote by 0(N, Zp) the whole group of transformations leaving this pairing invariant 
(which depends on the equivalence class of the pairing, but this will not be of any importance). 
We make the following assumption of large monodromy on rp. 

(4) [ 0(N, Z£) : n{TTi(U,rj))] < +oo. 

For any y ) 1 we can consider the reduction modulo t v of Jy, i.e. T v = which 

corresponds to the maps 

Pu : TTi(U,rj) ^ GL(N,Z/tZ), 

and we put 

G v = Pv(ni(U,ri)). 

The assumption Q ensures that the groups G u are also “large” when v is large enough : the 
index 

(5) [0(N, Z/tZ) : G v ] 

is bounded for v ^ 1 (the reductions of any finite set of coset representatives for Te(TTi(U,rj)) in 
0(N,Zg) give coset representatives for G u in 0(N, Z/£ V Z)). 

We will apply the Chebotarev density theorem to sets C u C G u defined by reference with the 
forced eigenvalues that exist for some orthogonal matrices. Precisely, recall that for A £ 0(N, k) 
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(for an arbitrary field k of odd characteristic and an arbitrary non-degenerate symmetric bilinear 
form on k N ), the following “functional equation” 

(6) T n P(1/T) = det (-A)P(T) 

holds for the polynomial P = det(l — AT) E k[T\. At T = 1 this implies that if det(— A) = 
(—1)^ det A = —1, we have P(l) = 0, i.e., 1 is then an eigenvalue of A. 

If N is even, that means that any matrix A E 0(N, k ) with determinant —1 has eigenvalue 1. 
If N is odd, that means that any orthogonal matrix in SO(N , k ) has eigenvalue 1. We will say 
that A has no extra vanishing if 1 is an eigenvalue of A with minimal multiplicity compatible 
with this. We denote by O ev {N) the set of orthogonal matrices which have extra vanishing. 
We thus see that O ev (N ) is an algebraic variety defined over the same base as the orthogonal 
group under consideration, given by O ev (N) = Oi U O 2 , where 


if N is odd and 


0 1 


= {A E O(N) | det (A) = 
O 2 = {A E SO(N) | & 


- —1 and det(l — A) = 
det(l — T A) = 0} 

T= 1 


0 } 


0 2 


Oi = {A E SO{N) I det(l - A) = 0} 

{A E 0(N ) | det(A) = —1 and det(l — TA) 


0 } 


if N is even. 

We see that O ev (N ) intersects each of the two connected components of O(N) in a closed 
hypersurface. 

Denote by C u C G u the image of 


O ev (N, Zf) fl T((iri(U,r})) 


by reduction modulo £ v . We have the following simple lemma: 


Lemma 5. (1) We have 

(7) 


\G V \ 


for v ^ 1, the implied constant depending on N and l. 

(2) We have 

(8) \c v \\ G,r 1 «r" 

for all v ^ 1, the implied constant depending on N, £ and the index 0. 


Proof. (1) The order of G u is at most the order of 0(N.Z/£ u Z ) so the upper bound follows 
easily. 

(2) Because each O ev (N ) is a hypersurface (i.e., of codimension 1 in each component of 
0(N)), the result follows from the bounds 

\C V \ < fd di mO(N)-l)^ | Gi/ | ^ j/y dim O(N) ^ 

the first being a consequence of e.g. ED Th. 8] and the second of the boundedness of the 
indices © i.e., the finiteness of 0. (The upper bound can also be proved by more or less direct 
counting). □ 


We now make the following observation: for a point u E U(F q ), the condition that Fr n has 
extra vanishing acting on implies that p v { Fr n ) E C u for all v ^ 1. This leads to the basic 
bound 


(9) |{it E U(F q ) j Fr u has extra vanishing on £F(f\\ ^ 7r (C u ;q) 

with notation as in Theorem |H which is valid for all v. 

We will use this to prove: 
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Proposition 6. With notation and assumptions as above, in particular under the monodromy 
assumption ®, we have 

| {it G U(F q ) | Fr M has extra vanishing on | <c q d ~ c 
where c = ■ 9 j V a_ 1 9jV+1 , the implied constant depending on U , £, N and the index ©. 

For instance, the gain is c = 1/13 for N = 3, c = 1/25 for N = 4. 

Proof of Proposition 0 Applying © and Theorem© we derive 

\{u G U(F q ) I Fr u has extra vanishing}! < 1^4^ + 0(q d ~ 1 ^ 2 \G u \ s ^ 2 \C I/ \ 1 ^ 2 ) 

for any v ^ 1, with an implied constant depending only on U. 

Using the bounds from the lemma, this leads to 

|{u G U(F q ) I Fr. u has extra vanishing}! < q d £~ v + q d-i/ 2 t {N{N-i)-i/ 2 ) ^ 

for v ^ 1 with an implied constant depending U, £, N and the index ©■ For q large enough 
there exists v such that 

-<f < t ^ q c , with c = 2N 2 ^ 2N+1 , 

and then we have 

r v < iq~ c , and g -i/2^(JV(JV-i)-i/2) ^ g -c 

so that taking this v yields 

|{it G U(F q ) | Fr u has extra vanishing}! <C q d ~ c , 

the implied constant depending only on the parameters indicated (the constant may need to be 
increased to account for small values of q where the l above can not be found). □ 

Remark 7. One could also approach the same problem using the large sieve method of }Ko| . 
However, because the “sieving” here is to detect an algebraic condition, it turned out to be 
just as efficient using the Chebotarev density theorem, and in fact using it for fixed £ as above 
instead of requiring monodromy assumptions for many l. The large sieve would give a very 
slight improvement (roughly corresponding to replacing |Cj in © by the number of conjugacy 
classes in G), but we avoid the necessary modification necessary to deal with the fact that the 
orthogonal groups do not satisfy the linear disjointness condition of loc. cit. 

We conclude by giving an equivalent rephrasing of the monodromy assumption ©. 

Proposition 8. Let U/F q be a smooth absolutely irreducible variety over F q . Let £ ^ p be 
a prime number and T£ : ni(U,rj) —> GL(N,Ze) a continuous representation of the geometric 
fundamental group of U. Assume pn takes value in 0(N , Zg) for some non-degenerate bilinear 
form. If the geometric monodromy group of Tg, i.e., the Zariski closure of the image of Tg in 
GL(N, Q t ), contains SO(N), then we have 

[0(N,Zg) : Tg(iri(U,rj))} < +oo. 

In concrete terms, the group G 9 is the set of matrices x G GL(N, Qg) for which /(x) = 0 
whenever / is a polynomial function on GL(N, Q^) (involving possibly 1/det(x)) that vanishes 
identically on T, and the assumption is that G 9 D SO(N, Qg). 

Thus, intuitively, both the condition © and the assumption of the proposition are statements 
saying that pg has a “large” image, and the proposition shows that those two different meanings 
are in fact quite close. 

The condition © may be called the “old” way of stating this, whereas the assumption on the 
geometric monodromy group is the more “modern” style; it is the usual language of the works 
of Katz for instance; compare with ED. In I©, Serre attributes the shift to Grothendieck. 
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Proof. Since the image of n \(£/, rf) is larger than that of ni(U,rj), it suffices to show that 

[0(N, Zg) : Te(7Ti(U,rj))] < +oo. 

Let r denote the image of the geometric fundamental group. In the £-adic topology induced 
from GL(N, Qg), T is compact (by continuity of T£, as the fundamental group is compact) inside 
the compact group 0(N, Zg). The point is that from G 9 D SO(N), it follows that FnSO(N, Zg) 
is also open in SO(N, Zg), still for the £-adic topology (see m Cor. p. 120] for instance). But 
then the finiteness of [SO(N, Zg) : T n SO(N, Zg)] is immediate from the existence of Haar 
measure /./ with total mass one on SO(N, Zg), since T as an open set must satisfy p(F) > 0. In 
fact, 

[so(n, z £ ): r n so(n, z e )] = -j—. 

M r ) 

The desired finiteness of [0(N, Zg) : T] is obviously a trivial consequence of this. □ 

3. Twists of elliptic curves over function fields 

We now explain how the result of the previous section apply to the study of extra vanishing 
for families of twists of elliptic curves over function fields. 

We first survey the construction by Katz of varieties parameterizing twists of elliptic curves 
over function fields over finite fields (see [Kll . Intro., V] and also EH 2,6,7]). 

We assume for simplicity that the characteristic p is not 2 or 3. Let C/F q be a smooth 
projective curve of genus g , absolutely irreducible, K = F q (C) the function field of C and E/K 
an elliptic curve, which is assumed to have non-constant j-invariant. If C = P 1 is the projective 
line, the twists considered can be described concretely as follows: take a Weierstrass equation 
for E of the type 

y 2 = x 3 + a(t)x 2 + b(t)x + c(t) 

with a, b, c £ F q (t), and let / £ F g [t] be a (squarefree) polynomial. Then the twist Ef of E by 
/ is the elliptic curver Ef/K with equation 

f(t)y 2 = x 3 + a(t)x 2 + b(t)x + c(f), 

and coefficients of / serve as “algebraic” parameters for twists. 

In the greater generality described, / is chosen to be a rational function on C with a prescribed 
set of poles D (an effective divisor on C) and with deg D distinct zeroes, none of which is a 
place of bad reduction of E. Katz shows that if deg(ZD) ^ 2g + 1, this set of functions is the 
set of Fg-rational points of a smooth geometrically connected algebraic variety X/F q (which 
depends on D and E). 

Now for any / £ X(F q n), n ^ 1, there is a twist Ef defined over F q n. (C). generalizing the 
above description. For any prime t p, the L-functions of all the twisted curves can be encoded 
in the “local” behavior of a certain lisse t- adic sheaf 2) on X, of rank N which is independent 
of £, corresponding to a representation 

f t : 7n(t7,7j) -»• GL(N, Zg). 

Precisely, for any rational point / £ X(F q ), we have the identity 
(10) L(E f /K,T) = det(l — TFv x \ Tg ), or L(E f /K,s) = det(l - q~ s Fr x \ Tg). 

This sheaf is constructed by Katz EH Ch. V], Moreover, Katz shows, as consequences of 
general properties of etale cohomology, that Tg is punctually pure of weight 2, and there exists 
a natural non-degenerate symmetric pairing 

Tg®Tg—> Z<(-2). 

This means that the image of ni(U,rj) by fg is contained in the group CO(N, Zg) of similitudes 
for this pairing, and the image of Fr f q n, for u £ X(F q n), is a similitude with “multiplier” 
m(fg(Fr u q n)) = q 2n . In addition, the image of the geometric fundamental group is contained in 
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the group 0(N, Zp) of orthogonal transformations for the pairing. Of course, we have an exact 
sequence 

1 -> 0{N , Zp) -*• CO(N, Z e ) Z* 1. 

The L-functions (El have central critical point at s = 1, i.e., at T = q 1 , and it is convenient 
to make a Tate twist to translate it to s = 0, i.e., T = 1. 

So we consider the sheaf 7^(1) instead of 7^, which corresponds to taking the representation 

r e (x) = fe(x)q~ d W 

of 7Ti (U.rj), where d is the “degree” map in (J2J). The twisted representation Tp coincides with fp 
on 7T] (U.rj) (by @). On the other hand, since tt\ (U, fj) is topologically generated by the Fr f q n , 
/ € X(F q n), n ^ 1, and since 

m(q- d ^ n )fp(Fv u ^)) = q~ 2n q 2n = 1, 

it follows that Tp{ir\(U,rj)) C 0(N, Zp). 

With Tp = 7^(1), this provides us with all the data occuring in Sectional 
is that Katz has shown by a deep monodromy computation that the condition 
suitably chosen. We state a precise version: 

Proposition 9 (Katz). If the divisor D satisfies the conditions 

(11) deg(U) ^ Ag + 4, 2g — 2 + deg(-D) ^ max(144,2s), 
where s is the number of places of bad reduction of E/K, then we have 

[0(N,Z e ) : Tp(TTi(U,rj))} < +oo. 

Proof. Under the condition stated, Katz has shown (see |K11 p. 15] for a summary) that the 
geometric monodromy group G 9 associated to 7^(1) contains SO(N). Therefore, we can apply 
Proposition [HI □ 

Corollary 10. Let C/F q be a smooth absolutely irreducible projective curve of genus g ^ 0, 
E/F q (C) an elliptic curve with non-constant j-invariant, D an effective divisor on E of degree 
^ 2g + 1, and X = X(D , E) the associated parameter space for twists. Assume that p > N + 2 
and that the twisting sheaves Tp(l) satisfy (J2J; for instance assume that GB holds. 

Then, for any n ^ 1, the number V n of twisting parameters f G X(F 9 «) such that the L- 
function of Ef/F q n(C) vanishes at s = 1 with order strictly larger than that imposed by the 
functional equation satisfies 

(12) V n < g n ( dim ^ _c ) 

with c = 2 \ y 1 , \_| , the implied constant depending on D, E, and p. In particular this set has 

density 0 asn-> +oo. 

Proof. The condition p > N + 2 implies that there exists a non-zero congruence class a modulo 
p such that I = o(modp) implies that GL(N,Fp ) is of order prime to p (see e.g. jKH Lemma 
7.5.1]). Pick such a prime I, and then apply Proposition El and (1101) to the sheaf 7^(1). □ 

It is interesting to notice that, together with the work of Ulmer (see m) on the Birch and 
Swinnerton-Dyer conjecture which shows that 

rank£'j(F (? n(C')) = ord<j=i L(Ef /F q n(C), s ) 

if the right-hand side is at most 1, this also gives a strong version of the analogue of Goldfeld’s 
Conjecture for the algebraic rank. To state it, we assume for simplicity that the image of the 
geometric fundamental group by the representation Tp is not contained in SO{N, Zp). Katz has 
shown ( [K11 Ex. 8.3.4.1]) that this is the case for instance if E/K has multiplicative reduction 
at a point s £ S. 


Now the point 
(0J holds for D 
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Proposition 11. With assumptions as in the previous corollary, assume moreover that the im¬ 
age of the geometric fundamental group by the representation t £ is not contained in SO(N, Z £ ). 
Then we have 

£ vonkE,(F,,(C)) = i|X(F„.)| + o( 9 "< di "^)) 

f£X(F q n) 

for n ^ 1, the implied constant depending on D, E and p. 


Proof. The point is that all the twists have “analytic rank” bounded by the rank N of T £ , since 
their L-functions are all polynomials of degree N. Since for an elliptic curve E/F q n(C) there is 
the a-priori inequality (due to Tate HI) 

rank£'(F g n(C')) ^ ord s= i L(E/F q n(C), s ), 

the twists also have algebraic rank bounded by N, so the contribution to the average rank of 
those few / for which the analytic rank of Ef is ^ 2 is small. Precisely, notice that 

™nkE f (F gn (C)) = 1 ~ W ^ Ef) +P(E f ) 

where W(Ej) is the sign of the functional equation and (3(Ef ) has the property that /3(Ef ) = 0 
if the analytic rank of Ef is ^ 1 (this is the result of Ulmer), and \/3(Ef)\ is bounded (^ N + 1) 
for all / and n. Thus the sum of f3(Ef ) is 

^ ^n(dimX-c) 


for n ^ 1 by m■ On the other hand 

Y = y 

feX(F q n) fex( F q n) 

and we have 

W{E f ) = (-l^det (T t (Fr f )) 

where ti is as before the representation which corresponds to 7^ (this is simply © and m)- 
The assumption that the image of T£ is not inside SO implies that the character det o n of 
order 2 is non-trivial on the geometric fundamental group. Thus H^ d (X, det or^) = 0 and by 
the Riemann hypothesis we have 


E w ( E f) 

fex(F q n) 


^ q n{ dimX-1/2) dim H l c (X, det OT £ ) < ^(dimX-1/2) 

0^i<2 dimX 


for 7i ^ 1, finishing the proof. 


□ 


4. Examples of one parameter families of twists 

This section is a concrete illustration of the previous section. We will use some of the 
intermediate statements proved by Katz in m to restrict our attention to one-parameter 
families of twists (i.e., replace the big parameter space X of the previous section by a curve) 
where the analog of Corollary 1101 and Proposition still hold. (In fact, it is by finding such 
one-parameter families inside the larger spaces that Katz shows that the geometric monodromy 
groups for those parameter spaces contain SO(N)). 

To simplify, we will only consider curves over P 1 and twists by polynomials; this allows us 
to write down explicit equations (in other words, C = P 1 , g = 0 and the divisor D is d{oo) in 
the notation of the previous section). 

We start with an elliptic curve given by a fairly general Weierstrass equation (assuming always 
that the characteristic p is ^ 5) 

E : y 2 = x 3 + a(t)x 2 + b(t)x + c(t) 

with polynomials a, b and c G F 9 [i]. Denote by S the set of points in A 1 where E has bad 
reduction. 
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In Chapter 5 of KB, two different types of one-parameter families with “large” monodromy 
are described. We will consider special cases of the first one (Theorem 5.4.1 of loc. cit.). 
Adapting the terminology found there and in [Kll Ch. 2], we say that a polynomial / € F q [t] 
of degree d ^ 1 is of Lefschetz type if the following conditions hold: 

(i) / has d distinct zeros in F q ; 

(ii) f has d — 1 distinct zeros, and those have distinct images by /. 

Moreover we say that / is of Katz-Lefschetz type for E if / is of Lefschetz type, and 
(i’) no two points of S have the same image by f: 

(if) /(») /o for » £ S; 

(iii’) the fibers / 1 (f(s)) all have d distinct elements for s € S. 

Fix a polynomial / of Katz-Lefschetz type. Let Vf denote the (finite) variety, defined over 
F q , of critical values for /, i.e. 

V f = f({x | f'(x) = 0})Uf(S), 

and let Uf = A± — Vf. Then Theorem 5.4.1 of |Kl| states that if d ^ max(146, 2| J S'|), the 
one-parameter family of quadratic twists with equations 

Ef, a ■ (. f(t) - a)y 2 = x 3 + a(t)x 2 + b(t)x + c(t), 

with a € Uf has associated Aadic twisting sheaves Efj on Uf, of fixed rank Nf, such that the 
geometric monodromy group (on Uf) of E(j contains SO(Nf) for l p. In particular this sheaf 
satisfies the condition 11 - 


Corollary 12. Let E/F q (t) be an elliptic curve with non-constant j-invariant and at least one 
finite place of multiplicative reduction. Let f be a polynomial of Katz-Lefschetz type for E of 
degree d max(146, 2|5|). 

(i) For n 1, the number V n of a G Uf(F q n) where Ef a /F q n(t) has extra vanishing satisfies 

V n « g n(1-c) 


with c = 2 N i - 2 N s +i ’ implied constant depending on E, f and p. 


(ii) Lf the image of the geometric fundamental group is not contained in SO(N, Zg), we have 


E rank Ef^ a (F q n(t)) = \\U f {F q n)\ + 0(q n ^), 

OltzUf(F q n ) 


for n 1, the implied constant depending on E, f and p. 


We could in fact state a slightly better result using the Chebotarev density theorem for curves 
instead of the general version (see the next section). 

To be completely concrete, we will now take a specific example. Let E/F p {t) be the following 
variant of the Legendre elliptic curve: 

(13) E : y 2 = x{x + l){x — t). 

Note that E has multiplicative reduction at oo and at the points in S = {0, —1}. 

Now consider the following polynomials: 

f d = t d - dt - 1 <E F p [t\. 

Lemma 13. (i) If p \ d(d — 1) and (p — 1, d — 1) = 1, then fd is of Lefschetz type. 

(ii) If in addition p \ d + l, then fd is of Katz-Lefschetz type for the above curve E/F p (t). 

Proof. The derivative of fd is = d(t n ~ 1 — 1) so since p\ d, the roots of f d are the (d — l)-st 
roots of unity. Since p \ d — 1, there are d — 1 of them in F p . Now for p a zero of f d we have 

fd{h) = Ml ~d)-l. 

This already shows that the values of fd at zeros of f' d are distinct. 

Notice that this formula also shows fd(p) 0 because otherwise p would be in the prime 
field F p , so that p = 1 by the assumption (p — l,d — 1) = 1, the equation becomes 1 — d = d, 
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but again p \ d excludes this case. Since f d 1 (x), for x E F p , has d elements except if x is in the 
set {fd(p)} , it follows that f d has d distinct roots in F p . Altogether, this establishes the first 
assertion that fd is of Lefschetz type. 

For the second, the conditions (p—l,d—l) = 1 and p ^ 5 imply that d is even. We compute 
fd at the points in S: we have f d ( 0) = -1 and f d (- 1) = (-l) d + d - 1 = d. So f d ( 0) / f d (- 1) 
since p \ d + 1. Moreover f d ( 0) = —1 is not of the form fd(p) = piX — d) — 1 as above, since 
p \ d. Similarly f d (— 1) = d is not of this form: d = p(l — d) — 1 implies again that p is in the 
prime field, so p = 1, and again p \ d shows that d + 1 = 1 — d is impossible. So neither 0 nor 
— 1 is in a hber over a zero of f' d , which means that the fibers over points of S contain d distinct 
elements. □ 


Remark 14. So for p = 5, we have found explicit polynomials of Katz-Lefschetz type for E of 
any even degree d with d = 2 (mod 5), i.e., d = 2 (mod 10). 

In general, the density of integers d ^ 1 satisfying the conditions of the lemma is 


<f(P ~ !) C _ 3\ 

p V p) 


> 0 


for all p ^ 5. 


Let d be any integer satisfying the condition of the lemma. We then have the one-parameter 
family of twists 

E d , a ■ ( fd(t ) - a)y 2 = x(x + l)(x - t), 
or equivalently (change y to (f d — a)y ) 

E d ,a '■ y 2 = (t d — dt — 1 — a)x(x + l)(x — t) 

over F p (t), with parameter a in the complement Ud of the finite variety of critical values for fd, 
which has d — 1 + 2 = d + 1 points defined over F p . 

Let Td,i denote the twisting sheaf 7^(1) for this subfamily. As observed by Katz iKll Lemma 
7.5.1], the twist sheaves associated to quadratic twists of elliptic curves are always tame in 
characteristic p^ 5, so T d ,n is tame. The rank N d of Ed/ is computed in |Klt Lemma 5.1.3, p. 
16] and is given by 

Nd = 2d 

for d even. In particular, this means that the (degree of the) conductor of the twists goes to 
infinity when d —> +oo. 

As a special case of Theorem 5.4.1 of EH, if d ^ 146, the geometric monodromy group for 
E d / is the full orthogonal group 0(N d ) for all t. 

So specializing again the previous corollary we get: 


Corollary 15. Let p ^ 5 be prime, let d ^ 146, fd and Ud be as above. For n ^ 1, the number 
V n of a E U d (F q n) for which the twisted Legendre curve 

y 2 = ( t d — dt + 1 — a)x(x + l)(x — t) 
over F p u (t) has extra vanishing satisfies 
(14) V n « p n ^ 1 ~ c \ 

with c = the implied constant depending on d and p. 


5. Twists with unbounded conductor 

This section is speculative. The idea is to exploit the strong bound m to prove a variant 
of Proposition El for a family of twists more closely resembling the quadratic twists of elliptic 
curves over Q, namely one where the conductor (i.e., essentially, in this case, the degree of 
the L-function) increases, so that the rank of the elliptic curves is not uniformly bounded. 
The speculation consists in the fact that the result obtained is conditional on monodromy 
assumptions which are stronger than currently known. 
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We still work with the curve m of the previous section for concreteness. Take a sequence 
of polynomials f n of Katz-Lefschetz type with increasing degrees d n . We will use a simple 
subscript n for all the objects of the last section which would otherwise require to be subscripted 
by either f n or d n . For instance, we denote by T n £ the twisting sheaf for the 1-paranreter family 
corresponding to f n and let N n denote its rank. 

We make the following strong assumption 

For all n and all odd t ^ p, the image of the representation 
(15) p n ,£ : KiiU^fj) ->■ GL(N n ,F e ) 

corresponding to the reduction T n jJtT n .£ is of bounded index in 0(N n ,Fe). 

See the final paragraphs of the paper for comments on the plausibility of this. 2 

We denote by G n> i the image of p n ^ and by B a bound for its index in 0(N , F^) valid for all 
n and £ ^ p. 

Corresponding to Lemma [J] we need the following uniform version for v = 1, which we make 
a little bit more precise: 


Lemma 16. (1) For all odd primes t and all n ^ 1 we have 

\G n/ \ < e N »(N n - 1 )/ 2 ) 


the implied constant depending only on the bound B for the index of G n / in 0{N n ,F(). 
(2) Let C nt £ be the set of g G with extra vanishing. We have 


1 _ 

\G n/ \ t 

for all odd primes £ and n ^ 1, the implied constant depending only on B, provided that £ ^ IV 2 . 


Proof. (1) The size of G ( j£ is bounded by that of 0(N n ,F f) for which the existing formulas 
immediately give the result stated. 

(2) We bound C n p by the number of elements with extra vanishing in 0(N n , F^). In general, 
for 0(N, F(), the latter (say R(N )) is written as follows: 

R(N) = ^|{xG 0(N, F e ) | det(l - Tx) = g}\ 

9 

where g runs over characteristic polynomials of elements of 0(N, F^) which have extra vanishing. 
It is clear that the number of possible g is ^ £ N ~ 1 . For each g , we count the inner quantity by 
the same method as in Proof of Th. 3.5] (with adaptations necessary because the orthogonal 
group is not simply connected like the symplectic group) which shows that it is 

< (£ + l) N( ~ N ~ i y 2 (£- 1)~ N 

(with absolute implied constant), so we get 

R(N) < r 1 y ) N {£ + i) N ( N ~PG 

and because |0(iV, F^)| ^ (£— this yields the result after an application of the mean 

value theorem. □ 


Here is the hypothetical result with unbounded conductors. 

Proposition 17. Let p ^ 5 be prime, let d n for n ^ 1 be an increasing sequence of integers 
such that each d = d n satisfies p \ d(d— l)(d+1) and (p—l,d—l) = 1, and such that d ^ ^ n for 
n ^ 1. Assume the monodromy hypothesis © for the sequence of Katz-Lefschetz polynomials 

fn = t dn - d n t + 1. 

2 . Note also that Hal l could be replaced without much change by a “vertical” version, namely that for some 
fixed l Pi the index of the image of ni(Ud n ,rj) —> 0(N n , is bounded for all n ^ 1 and v ^ 1. 
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(i) We have for n ^ 1 

|{a G Ud n (F p n) | Ed niCX has extra vanishing} | <C n l ^p n ~~i n / . 

(ii) We have for n 1 

^ rank^ riiQ ,(Fpn (t)) = y + 0{n 2/z p n ~± nl/3 ). 

o (= C/,i„ (Fp") 

Proof. Because of all the assumptions, the Chebotarev density theorem for curves (Theorem G3 
with g = 0, m = d n + 1) and Lemma El imply that for n ^ 1 and i p we have 

|{a G C/ dri (Fqn) j E dn>a has extra vanishing}! < + d n p n/2 £ A 

with 

4 ~ 1 ) 1 
2 2 ’ 

the implied constant depending only on B if £^N 2 = 4 d 2 n . 

Since 2{A + 1) = N n (N n — 1) + 1 ^ 4d 2 , taking £ between y / 2 ( y4+1 ) and 2p n / 2 (- 4 + 1 ) gives 

n n 

|{a G C/rf„(F p n) | E^^ has extra vanishing}] <C d n p 4c L 

for n ^ 1, with an implied constant depending only on B ; the assumption d 3 ^ n ensures that 
for n large enough (n ^ 6 suffices) we have 

n log p ^ 2d 2 (log 4d 2 ) 

hence ^ ^ 4d 2 , and the implied constant can be raised to absord the values n ^ 5, as well as 
those for which d n < 146. 

For part (ii), the reasoning is as in the proof of Proposition EH using Ulmer’s result about 
the Birch and Swinnerton-Dyer conjecture. The contribution of the twists with analytic rank 
^ 2 is estimated using (i) and the trivial bound 

rankF dniQ (Fpn(t)) ^ N n = 2 d n ^ 2n 1/3 

(so there too the uniformity of our estimates in terms of n is — or would be! - important). □ 

Remark 18. In terms of the parameter X = p n , the error terms have the following shape: 

n V 3 p n~l nl/3 < (logX) 1 / 3 Xexp(-i(logX) 1 / 3 ) 

which may look more familiar to analytic number theorists. 

We finish by commenting on our monodromy assumption m- First of all, for fixed n, the 
uniformity in terms of £ is part of the standard conjectures (see e.g. jfi2l 10.37,10.7?]) about 
the variation of images of Gadic representations. 

In addition, since Katz has shown that the “rational” geometric monodromy group is always 
equal to O(N), it is a consequence of a result of Larsen [Q Th. 3.17] that for a set of primes £ 
of density 1, the geometric monodromy group modulo £ contains the image in 0(N, F^) of the 
spin group Spin(iV, F^), which is of index 2 in SO(N, F^) and 4 in 0(N, F^) (this complication 
arises because 0(N, F^) is neither connected nor simply connected). Larsen’s result is quite 
difficult (it uses the classification of simple finite groups), and the set of primes it produces is 
not easy to control. 

Another example, still for fixed rank, is a result proved by Gabber concerning the monodromy 
of Kloosterman sheaves which is explained in m Ch. 12], Roughly speaking, the integral 
monodromy group associated to families of Kloosterman sums in an even number n of variables 
is “big” for all £ large enough, depending on n, but again not in an easy way to describe for 
varying n. 

When the rank is increasing, it is in fact not clear if the uniform bound we postulate is 
coherent with the general philosophy concerning 7-adic representations. The reason is that 
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this variation of n does not fall into a well-understood theoretical framework: the “family” we 
consider is one only inasmuch as we manage to deal with its individual terms and get similar 
results; this is much the same as the case of “families” of classical automorphic L-functions, for 
which convincing examples exist abundantly without an a priori definition. Still, in the case 
of elliptic curves E/ Q, a similar result is expected: recall that Serre showed that for a fixed E 
without CM, there exists Le such that for any prime l> Le, the map 

PE,e : Gal(Q/Q) -> Aut (E[£j) ~ GL( 2,F<) 

is surjective (i.e., the fields obtained by adjoining to Q the coordinates of the ^-torsion points 
of E are “as big as possible”). Then the conjectured statement that such an L as above exists 
which “works” for all elliptic curves E/ Q (without CM) can be seen as an analogue of our 
assumption (see e.g. OQ, Question 2, p. 199]). It has been confirmed by Duke m that this can 
be done for “almost all” curves. 

Finally, we can turn for encouragement to at least one similar situation where a result of the 
desired type has been unconditionally proved. Let / € E q [x\ be a fixed polynomial of degree 2 g 
with 2g distinct roots in F c/ , and consider the family of hyperelliptic curves of genus g 1 with 
equations 

C a : y 2 = f(x)(x - a), 

over the open set A 1 — / -1 (0), with projection ir(x,y,a) = a. The sheaves L^mF^, which are 
of rank 2 g and admit symplectic symmetry, are used to “globalize” the family of L-functions 
of C a (modulo £). Jiu-Kang Yu has shown that the geometric monodromy group is equal to 
Sp(2g, Ff) for all / and all £ ^ 2. This is one of the main examples in jHj- It is also used to 
give some results uniform in g in m (which are in fact of a rather more delicate nature). 
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